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ABSTRACT 


Let  X = (x1>x2»  • • -»XN)>  f : P — <D  and  let  Pn  be  the  class  of 

polynomials  of  degree  at  most  n.  The  generalized  Christoffel  function 

A corresponding  to  the  measure  da  is  defined  by 
n 

00 

A (X;f,  N,  da)  = min  f | ir(t)  1 2da(t)  . 

n IT  € P -oo 

n-1 

ir(x.)=f(x.) 
i = l,2,...,N 

It  is  shown  that  if  a satisfies  some  rather  weak  conditions  then 


lim  n A (X;f,  N,da)  exists  and  the  limit  is  also  evaluated. 

n — oo 
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ON  AN  EXTREMAL  PROBLEM 
Paul  G.  Neval 

The  purpose  of  the  present  note  is  to  investigate  the  asymptotic 

behavior  of  the  functions  A : IRN  - ]R  defined  bv 

n 1 

00 

A (X;f,  N,  da)  = min  f U(t)  I 2da(t)  . 

11  TT  € IP  , -00 

n-1 

TT(x.)  = f(x.) 
i = lf2,...,N 

Here  X = (x^,x^,  . . . , x^),  f : IR  — <C  is  a fixed  and  almost  everywhere 

finite  function,  IP^  is  the  set  of  all  polynomials  it  of  degree  at  most 

n and  a is  a weight  function,  that  is  a is  nondecreasing  on  IR, 

it  has  infinitely  many  points  of  increase  and  every  polynomial  it  belongs 

to  L^.  Therefore  is  defined  and  finite  for  almost  every  X « ]R^. 

Estimates  for  lead  to  several  results  in  probability  theory, 

statistics  and  in  the  theory  of  orthogonal  polynomials.  (See  [1],  [2] 

and  [4].)  In  fact,  it  is  not  hard  to  explicitly  compute  A^  ([3])  but 

the  formula  for  A is  so  complicated  that  it  cannot  be  used  to  estimate 
n 

A when  a is  not  nice.  It  will  be  shown  that  lim  nA  (X;f,  N,  da) 
n n 

n — oo 

exists  under  rather  weak  assumptions  on  a and  the  corresponding  limit 
will  also  be  calculated. 
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Let  {p  (da)}°°  . be  the  system  of  polynomials  which  is 
n n=0 

orthogonal  with  respect  to  da,  that  is  p^(da,x)  = vnxl1  + ' ' ' with 


\ >0  and 
'n 

f p (da,t)pm(da,t)da(t)  = &nm  • 
-00 


Let  M denote  the  class  of  those  weights  a for  which 

00 

lim  f tp^(da,  t)da(t)  = 0 
n -*  oo  -oo 

and 


lim  f tpn_1(da,t)pn(da,t)da(t)  = j . 
n -*■  oo  -oo 

Let  us  remark  that  M contains  many  weights.  If,  for  instance, 
supp(da)  = [-1,1]  and  log  a' (cos  0)  < L^  then  a t M ([5]). 

Furthermore,  if  a is  absolutely  continuous,  supp(da)  = [-1,1]  and 
or ’( t)  = <p(t)  exp{-(l  - t )  1  2}  where  0 < c < <o(t)  for  -1  < t < 1 and  ip 
is  Riemann  integrable  then  also  a « M ([4]).  Another  example  is 
the  Pollaczek  weight  ([5]).  In  the  following  A denotes  an  interval. 

It  is  known  that  if  a t M then  A C supp(da)  iff  A C [-1,1]  ([4]). 

THEOREM.  Let  a t M,  A C supp(da),  1/a'  t L^A).  Let  exist  a 

. oo 

sequence  { e.  _ with  e > 0,  e.NiO  such  that  for  every  fixed  k 

l\  K — 1 l\ 

2 2 - - 

the  function  which  is  defined  by  ^(t)  = [ (1  - e^)  - t ] 2 log  a'(t), 

1 N 

belongs  to  L (-1  + e^,  1 - e^).  Then  for  almost  every  X t A 


IN  2 / J 

lim  nA  (X;f,N,da)  = * Y lf(Xj)l  <*'(x.)n/i  - x.  . 

n-oo  i=  1 


Proof.  For  N = 1 the  Theorem  has  been  proved  in  [4].  Now  let  N > 1. 


If  it  « P , then  tt  can  be  expressed  as 
n-1 

00 

tt(x)  = f rr(t)K  (da,  x,  t)da(t) 
J n 

-00 


where 


n-1 

K (da,  x,  t)  = Yj  Pjda>  x)P],(da>  t)  • 
n k = 0 


If  X is  given  and  FT  (x.  - x.)  * 0 then  we  can  write 

i <J  1 3 

N 

Y An(x.;  U(x.)  1,1,  da)  = 
i = l 


oo  N ? 

= f tt( t)[  Y sign  ir(x  ) tt(x  )A  (x  , 1,  1,  da)K  (da,  x , t)  ] da(t ) . 
^ 1 1 n 1 ii  i 

-00  i = l 

Using  Cauchy's  inequality,  orthogonality  relations  and  the  well  known 


fact  that 

(1)  K (da,  x,  x)  = A (x;l,  1,  da) 

n n 

we  obtain 


N 


[£  An(x.;  | ir(xi)  1 , 1,  da)]  < 


i = l 


N 


< / lir(t)rda(t)  • [ Y An(xi;U(x.)l,l,da)  + 


-00 


i = l 


+ 2 Y U(x.)  I |it(x.)  I An(x.;l,  1,  da)An(x.;l,  1,  da)  I K^da,  x. , x.) 
j<i  i)i 


-3- 


If  a t M then  clearly  supp(da)  is  compact.  Therefore  by  the 
Christoffel-Darboux  formula  there  exists  a number  C depending  on  X 
and  supp(da)  such  that 

I K^(da,  x. , x, ) | < C[  lpn(da,x.)pn_1(da,x.)  I + | p^da,  x.Jp^da,  x.)  | ] 


Hence 


I fj  An(xii  1^)  1,1,  da)]2  < 
i = l 


» N 

< / I tt( t)  I da(t)[  U(x.)  I,  1,  da)  + 

-oo  i = 1 

N 

+ 4C  U(x.)|  |p  (da,x  )|A  (x  ;1,1,  da)  ‘ 
LJ,  l n l n l 
i = l 

N 

' 2i  lir(x.)|  Jpn_1(da,xi)  Un(x.;l,  1,  da)]  . 
i _ 1 


2 

Formula  (1)  implies  that  p^  ^(da,  x.)  An(x.,  1, 1,  da)  <1.  Consequently 


by  Cauchy's  inequality 


[ L AJX<;  U(x.)l,l,da)]2  < 
i = l n 1 


oo  N 

</  U(t)l  da(t)  £ A (XjJ  I w(x  ) 1,1,  da)  • 

-oo  i = l 

N i 

• {1  + 4CVN  [ Yj  An(x.;lpn(da,x.)|,l,da)]2}  . 

N r~r 

This  inequality  holds  for  each  X t IR  such  that  II  (x.  - x.)  * 0. 

i <j  1 1 

It  has  been  proved  in  [4]  that  if  a t M then  for  every  x « supp(da) 

(2)  lim  A (x;  I p (da,  x)  1 , 1,  da)  = 0 . 

00 


Consequently  if  a e M then  for  almost  every  X e [supp(do)] 


N 


N 


(3) 


Y An(x.;  If(x.)  1,1,  do)  < [1  + o-(l)]An(X,  f,  N,  do) 
i = l 


N 


X 


where  lim  cr(l)  = 0 for  almost  every  Xe  [supp(da)]  . Our  next 

n — oo 

aim  is  to  establish  the  converse  inequality.  For  a given  X let  it' 
be  defined  by 

„x(,)=  Z «VVWV1-1'd")VN+i<d‘'’t'*ilV,> 

i = l r 

where  {l.}^  are  the  fundamental  polynomials  of  Lagrange  interpolation 

corresponding  to  {x,  Clearly  it  e P for  almost  every  X e P . 

i 1=1  n-1 

X X 

Furthermore,  if  tt  € P then  tt  (x.)  = f(x.)  for  i = 1,  2,...,N. 

n-1  l i 

2 • X 

Let  us  compute  the  L , norm  of  tt  . Introducing  the  notation 

da 

00 

G^da,  g,x)  = A^x;!,!,  da)  f g(t)K^(da,  x,  t)da(t) 


we  have 


- X..,2  N 


(4)  / In' (t)  I do(t)  = Z lf(x1)l  y'n-N+l<xi!l’1’d“,Gn-N+l(d"’,i’xl) 

i = 1 


-00 


+ 2 Y Re[f(Xi)f(x  )]An_N+i(xi;1,l,da)An_N+i(x.;1,1,da)  ‘ 


i <J 


00 


■ f t (t)(  (t)K  (da,t,x1)Kn_N+1(d«,t,x  )d«(t)  . 
-00  J 


If  a f M,  g is  continuous  on  supp(da)  and  x £ supp(da)  then 


lim  G (da,  g,  x)  = g(x) 

_ n 
n -►  oo 


-5- 


then 


(see  [4]),  in  particular,  if  X is  such  that  TT  (x.  - x ) * 0 

i <j 


lim  G (da,i.,x.)  = f.(x)  = 1 
_ n i i i i 

n — oo 


Let 


1 = I • 

3 -00 

If  TT  (x  - x ) * 0 then  li  e P M By  a direct  calculation  we 
k<i  k l >) 

obtain  that 

I . f < (t)i  (t)[K  (d.,X  t)  + Z pk(d«,x.)pk(d«,t)l 

1 -oo  ‘ l = n-  3N+  3 

' Kn-Wd“>V)d“(,)  = VxJ)VXj)Kn-3N+3(<“''Vtj)  + 

n-N  n-N 

+ Yj  Pv[da,x  ) Yj  P.(da,x  ) • 

k = n-3N+3  f = k-2N+2  J 

00 

* / i (t)/.(t)p  (da,  t)p  (da,  t)da(t)  . 
too  1 J k 1 


Since  i^x^)  = 0 we  get 


(5) 


n-N  n-N 

llj  < C Y lp,(da,x  )|  Y lp.(da,x 

IJ  * 1.  r\r  * * § rXT  1 > 


k=n-5N 


I =n-5N 


where  depends  on  X and  supp(da).  Using  the  recurrence  formula 

which  the  orthogonal  polynomials  satisfy  it  can  easily  be  seen  that 
for  a * M (5)  implies 


n-N 


n-N 


llJ<C,  Y IpJda.x)!  Y lp/da,x)| 
lJ  £ k = n-N-l  I = n-N-l  J 


-6- 


£ ' 


where  C is  independent  of  n.  Applying  now  (1)  and  (2)  the  second 
sum  on  the  right  hand  side  of  (4)  can  easily  be  estimated.  We  get 
oo  N 

f Ux(t)  I2da(t)  = [1  + or(l)]  £ lf(x.)|  An_N+1(x.;l,l,da) 

-oo  1 = 1 

for  almost  every  X « [supp(da)]^.  It  has  been  proved  in  [4]  that  if 

a e M and  x « supp(da)  then 

lim  A (x;l,  1,  dor)A  (x;l,l,  d«)  1 = 1 
n-l\H-l  n 

n — oo 

for  every  fixed  N.  Thus 


(6)  An(X;f,N,da)  < [l  + <r(l)]  £ A^x. ; | f(x. ) 1 , 1,  da) 

i = l 

N 

for  almost  every  X « [supp(da)]  . The  Theorem  follows  now  from 
estimates  (3)  and  (6). 


-7- 
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